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Introduction

Spanish Electricity Market

OMIE: ‘Operador del Mercado Ibérico de Energia’
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Figure : Electricity demand and price daily curves in 2012.
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Electricity demand
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Introduction

Functional time series

Daily curves of electricity demand or price along 2012: {X,-}?i‘ri

Discretized curves: x;(tj),j =1,...,24.

Functional time series: {x;}i_;

Real-valued continuous time stochastic process {x (t)},cr
Seasonal process, with seasonal length T,

observed on the interval (a, b] with b = a + nr.

Functional time series, {x;}i_;, is defined in terms of {x (t)},cx as:

x;i(t)=x(a+(i—1)7+t) with t € [0,7).
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Prediction with functional regression

Prediction with functional regression

Objective
Predict next—day electricity demand/price in Spain during 2012.
N
{xitizs — xwn1

Functional Autoregressive models

e Functional nonparametric regression.

e Semi-functional partial linear regression.

Covariates

@ Electricity demand: meteorological variables, temperature.

o Electricity price: demand, wind power production.
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Prediction with functional regression

Funtional Nonparametric Regression

Functional explanatory variable and scalar response

Autoregressive model

G(xit1) = m(xi) +ei (i=1,...,n)

General model

Yi=m(x;)+ei.i=1,...,nwhere {(x;, Yi)} is a-mixing

Functional kernel estimator

_y Y KOG X)/h)Yi

= Z Wh(Xi?X)Yf

i=1

mu(x) = ST K(d(xi x)/h)
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Prediction with functional regression

Semi-Funtional Partial Linear Regression

Functional nonparametric explanatory variable, scalar linear-effect
covariate and scalar response

Autoregressive model

G(Xip1) = X[ B+m(x;) +eii=1,...,n

v

General model

Yi=X/B+m(x;)+ei,i=1,...,n where {(X; x;, Yi)} is
Q-mixing
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Prediction with functional regression

Estimators

Denote
X= (Xla" . 7Xn)T, Y = (Ylv"')Yn)Ta Wh — (Wh(XHXJ))

and, for any (n x q) matrix A (g > 1),

A, = (1—Wp)A.

By = (X[ Xp)1X]Y, mn(x) =S walxi \)(Yi — X7 By)

K(d(xi, x)/h)

> K(d(xi:x)/h)’
where K(+) is a real function (the kernel) and h > 0 is a smoothing
parameter.

Nadaraya-Watson type weights wy(x;, x) =
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Prediction with functional regression

In practice: predict electricity demand

Functional nonparametric regression
@ Functional explanatory variable: previous daily demand curves.

@ Scalar response: electricity demand for the next day, fixed hour.

Semi-Functional Partial Linear Regression

@ Scalar explanatory variable: daily temperature — linear effect.
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Prediction with functional regression

In practice: predict electricity price

Functional nonparametric regression
@ Functional explanatory variable: previous daily price curves.

@ Scalar response: electricity price for the next day, fixed hour.

Semi-Functional Partial Linear Regression

@ Scalar explanatory variable: daily demand, wind power.
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Bootstrap
f Asymptotic theory
Confidence intervals in FNP Simulation study
Applications

Naive bootstrap

From a general functional nonparametric regression model,
Y; = m(x;) + €, built from the sample S = {(x;, Yi)}/_;:

Homoscedastic model — Naive bootstrap

@ Construct the residuals &, = Y; — mp(x;). i =1,...,n.
© Draw n i.i.d random variables €7, ..., &, from the empirical
distribution function of (€1 — &p,...,&nb — Ep), where
Ep=n"1>0 &
© Obtain Y =mp(x;)+ef, i=1,....n =85 ={(x;, /),
. = T CK(d(x;,x)/h)YH
o Define m;b(X) — Zl—nl ( (X: X)/ ) I
>ie1 K(d(xi, x)/h)
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Wild bootstrap

Heteroscedastic model — Wild bootstrap

@ Construct the residuals &, = Y; — mp(x;). i =1,...,n.

@ Definec; =¢;,V;, i=1,...,n, where Vi,...,V, are i.id.
random variables that are independent of the data S and that
satisfy E(V4) = 0 and E(V2) = 1.

© Obtain Y7 = mp(x;)+ef i=1,....n =S8 ={(x;, Y/},

e > i1 K(dOx, )/ h) Y

@ Define i) = 550 K(dlx /)
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Bootstrap

Asymptotic theory
Confidence intervals in FNP Simulation study

Applications

Notation

For a given fixed element x of the space H, we denote:

B(xo,!) = {x1 € H such that d(x1,x0) </},
Fyo(l) = P(x € B(xo,/)) for I >0,

Px(s) = E(m(x) — m(xo)ld(x; x0) = s)
Thxo(S) = Fxo(hs)/Fy,(h) for s € (0,1]
and
TOXO(S) = Il:imo 7—hxo(s)'
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Asymptotic theory
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Applications

Notation

1

Mo = K(1)— /0 (5K (5)) 7oxo (5)ds.
1

M, = K(1)- / K'(5)70x, (5)d,
1

Moy, = K2(1)- /0 (K2(5)) oxo (5)ds

and

O(s) = maX{rp%x P(d(x;, x0) < s,d(x;, x0) <s), F2,(s)}.
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Assumptions for the convergence of mp(x)

Distribution

m(-) and ¢(-) are continuous on a neighbourhood of xo; o%(x0) > 0.
Fyo(0) = 0 and ©,,(0) = 0 and ¢! (0) exists.

Vs € [0,1], lim Ty (5) = Toxa(s) with Toya(5) # Lo, (5).

Moments

dp > 2, IM > 0 such that E(|¢|’|x) < M a.s.
max{E(|Y; Yjl?[x;, x;), E(|Yil’[xi, xj)} <M a.s. Vi, j € Z.

Small ball probabilities

h(nFyo(h))"/? = O(1) and lim nFy,(h) = oo .
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Assumptions for the convergence of mp(xo)

K (-) is supported on [0, 1], has a continuous derivative on [0,1),
K'(s) <0 forse0,1)and K(1) > 0.

Dependence structure

{(x;, Yi)}}—, comes from a a-mixing process with
a-mixing coefficients a(n) < Cn~2, where a is given by:

-2
v > 0 such that ©(h) = O(Fy,(h)'*") with a > (:l‘j_(p‘/)_pz)

4 p 2(p—1)
Iy >0/ nF (k) +ooanda>max{, +

Delsol (2009)
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Assumptions for the convergence of mj,(xo)

Function E(|Y||x = -) is continuous on a neighbourhood of xo,
and sUPy(y; yo)<s E(IY]9x = x1) < oo for some § > 0;Vqg > 1.

Distribution

V(x1,5) in neighbourhood of (x0,0), ¥y, (0) = 0, 3}, (s), ¥}, (0) # O
and ¢}, (s) uniformly Lipschitz continuous, order 0 < a < 1in (x1,5)

Vx1 € H, F,(0) =0 and F,,(t)/Fy(t) Lipschitz continuous,
order «v in x1, uniformly in t in neighbourhood of 0.

OFerraty, van Keilegom and Vieu (2010)

J.M. Vilar, P. Rafia, G. Aneiros and P. Vieu Bootstrap confidence intervals in functional regression



Bootstrap
f Asymptotic theory
Confidence intervals in FNP Simulation study

Applications

Assumptions for the convergence of mj,(xo)

Distribution
Vx1 € H and Vs € [0, 1], 7oy, (s) exists, sup, cp sepo) IThx
Moy, > 0, Mayy > 0, infy(y; yo)<e Miy, > 0 for some € > 0,
and My, is Lipschitz continuous of order « for k =0, 1, 2.

S) — Tox,

Vn 3r, > 1, I, > 0 and curves Xin, - - . , Xr,n such that B(xo, h) C U7, B(Xkn, In),
rn = O(n?’") and I, = o(b(nFy, (h))™"?), infa(x,,xe)<c Mixo > O for some & > 0,
My, is Lipschitz continuous of order a for k = 0,1,2.

Small ball probabilities

max{b, h/b, b**(nFy,(h))"/?, (Fyo(h)/Fxo (b)) log n, n"/? Fy, (h)"/* log n} = o(1)
max{bh" 1, Fy, (b)th/b} = O(1) and lim Fy,(b -+ h)/Fy(b) = 1.

OFerraty, van Keilegom and Vieu (2010)
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Validity of the bootstrap

Theorem

Under previous assumptions, for the wild bootstrap procedure, we
have that

supyeg [P° (v/nFy (h)(i5(x) — Mb(x)) < ) —
'D( nFy(h)(mp(x) — m(x)) < )/) | =0 as.

In addition, if the model is homoscedastic (i.e. 02(-) = 02), then the
same result holds for the naive bootstrap.
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Background

Result for independent data

Ferraty, Van Keilegom and Vieu (2010) On the Validity of the
Bootstrap in Non-Parametric Functional Regression.

Asymptotic distribution of mp(x) — m(x) for independent data

Ferraty, Mas and Vieu (2007) Nonparametric Regression on Functional
data: Inference and Practical Aspects.

Asymptotic distribution of mp(x) — m(x) for dependent data

Delsol (2009) Advances on asymptotic normality in non-parametric
functional time series analysis.
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Proof outline

P (V/nF(R)(@hy(x) — Mb(X)) < y) =

y = V/nFy (k) (E® (Mhy(x)) — (X))
VR (h)Vars (g, ()

9pS: probability conditionally on S = {(x;, Yi)}r1
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Proof outline

nFy (h) ( (mhb(X)) - ﬁ'b(X))) -
\/nFX(h) Vars (m7,(x))

o (y — /R () (B ((x)) — m(x)))
\/nF ) Var (mp(x))

Ta(y) =@ (

and

N——

_ o [ ¥ = VF(h) (E(mn(x)) — m(X))
Taly) =@ ( \/nFy (h)Var (ms(x))

P (a0~ m0) < v )

Bootstrap confidence intervals in functional regression
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Proof outline

o [ Y = VR () (B (ma(x)) —m(X)) |
Tsly) = ( \/nFy(h)Var (ms(x)) )

P (\/aPh) 0 - m0) < )

Delsol (2009)

M) ZE(@()) d, g 1), 0,
Var (mn(x)) -

T3(y) — 0 a.s. for any fixed value of y.

Bootstrap confidence intervals in functional regression
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Proof outline

Ti(y) = PS ( nFo () (A1) — () < y) _

nFy(h) ( (mhb(X)) - ﬁ"’b(X))
\/nFX(h) Vars (m},(x))

)

Lemma: adapted from Ferraty, van Keilegom and Vieu (2010)

A (X) — B (M, (X)) <45 N(0,1), a.s.(P®)
Var® (f/f‘l}k,b(X))

T1(y) — 0 a.s. for any fixed value of y.

Bootstrap confidence intervals in functional regression
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Applications

Proof outline

Yy = Fy(h) ( (mhb(X)) - ’/ﬁb(X))
\/nFX(h) VarS (m5,(x))

o <y — V/nA () (E (n(x) m(x)))
\/nF )Var (mp(x))

Lemma: adapted from Ferraty, van Keilegom and Vieu (2010)

Bootstrap confidence intervals in functional regression
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Simulation procedure: building confidence intervals

Given a curve x and the FNP regression model
Yi=m(x;)+e (i=1,...,n),

where the process {(x;, Yi)} is a-mixing and identically distributed
s (x,Y), and x is observed from , the true, bootstrap and
asymptotic (1 — a)-confidence intervals for m() were constructed:

true

;rile o = (mp(x) + qg;lze( ), Mma(X) + g1~ a/z( ))
= (M(X) + Go/2(): Ma(X) + 914 /2(X))

/;slying = (mn(x) + a5 75" 00 mn(x) + 67205 (x))

Bootstrap confidence intervals in functional regression
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Theoretical quantiles

Theoretical quantiles (g,"¢(x))

© Generate nyc samples {(x3, Y7),i=1,...,n} " from FNP
Model.

@ Carry out nyc = 2000 estimates {m; (x)} " 1,
functional kernel estimator derived from the st sample
{7 Yoo

© Compute the set of approximation errors
ERRORS.MC = {m5(x) — m(x)} ..

@ Compute the theoretical quantile, g5™¢(x), from the quantile of
order p of ERROR.MC.

where m; (-) is the

J.M. Vilar, P. Rafia, G. Aneiros and P. Vieu Bootstrap confidence intervals in functional regression
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Bootstrap quantiles

Bootstrap quantiles (g,(x))

o

2]
o

Generate the sample § = {(x1, Y1), --,(Xp, Yn)} from FNP
Model.
Compute mp(x) over the dataset S.

Repeat B = 500 times the bootstrap algorithm over S by using

i.i.d. random variables V; drawn from the two Dirac distributions
5 ~%.r B

estimates { ;" (X)}rzl'

Compute set of bootstrap errors

ERRORS.BOOT { i (x) — mp(x) o,

Compute the bootstrap quantile, g;(x), from the quantile of
order p of ERRORS.BOOT.
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Asymptotic quantiles

Asymptotic quantiles (g™ (x))
@ Generate the sample S = {(x1, Y1),---, (X}, Ya)} from FNP
Model.

@ Use the sample S to estimate the constants F, (h), My, M>,
and o. as suggested in Delsol (2009).

© Compute the asymptotic quantile, g™ (), from the quantile

of order p of the corresponding normal distribution.
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Simulation procedure

@ mp(x) in each of the three intervals was obtained from S
o Test sample C = {x1,...,Xnc}. consisting in nc = 100
independent curves

@ Empirical coverages: repeat the procedure M = 500 times and
computing the proportion of times that each interval contains the

value m(x)
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Model 1: Smooth curves

FNP regression model e {aj} ~ AR(1) gaussian process

with correlation coefficient
Y; = m(x;) + & pa = 0.7 and variance 02 = 0.05

v

. . e l0=f<--<tp=1
L e

X;(tj) = cos(aj + m(2t; — 1)) 0?2 = 0.1Var(m(x1),- .., m(x,))
o semi-metric dfemv (., )

Regression operator
1 3/4 , 2 ‘ 1

m(x) = 5 / (x'(t))"dt A (i X;) = ¢ / (Xi(6) = xj(£))2dk,
0

1/2

\
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Simulated data: Model 1

{(CURVES.C)
00
|
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Applications

Model 2: Rough curves

FNP regression model

Yi = m(x;) +ei

Functional covariate

J
Xi(tj) = baicos(bity) + Y Bix/b
k=1

m
m) = [ (e(e) et
0

o {bii} ~MA(1), {bxj} ~ AR(1)

with 6, = —0.5 and pp, = 0.9 and
agl = 0't2,2 =0.1

e b=15, By ~ N(0,0.1)

o l0=t1<---<tp=m

{ei} ~ N(0,0?),
02 = 0.1Var(m(xy), - - -,

e semi-metric d}" (-, ")

m(Xn))

dfmj(Xiv Xj) =

J /(x ()t
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Simulated data: Model 2

{(CURVES.C)

-1.0
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Bootstrap

Asymptotic theory

Applications

Average over C of the empirical coverage of the true, bootstrap
and asymptotic confidence intervals.

Model 1: smooth curves

-« 0.95 0.90

n 100 250 100 250

jtrue 0.95 (0.12) 0.95 (0.01) | 0.90 (0.02) 0.90 (0.02)
I* 0.89 (0.12) 0.92 (0.08) | 0.85 (0.12) 0.88 (0.08)
[#ymp | 0.85 (0.14) 0.90 (0.11) | 0.79 (0.14) 0.84 (0.12)
Model 2: rough curves

l-a 0.95 0.90

n 100 250 100 250

[true 0.95 (0.01) 0.95 (0.01) | 0.90 (0.02) 0.90 (0.02)
I* 0.80 (0.18) 0.89 (0.07) | 0.77 (0.18) 0.86 (0.07)
[#*ympP | 0.76 (0.17) 0.82 (0.06) | 0.69 (0.16) 0.75 (0.06)
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Model 1: Cl coverage.
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Model 1: Confidence interval for each x in C.

Segment: bootstrap Cl, points: true Cl.
Bootstrap confidence intervals in functional regression

J.M. Vilar, P. Rafia, G. Aneiros and P. Vieu



Bootstrap

Asymptotic theory
Confidence intervals in FNP Simulation study

Applications

Model 2: Cl coverage

True Boot Asymp
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Confidence intervals in FNP Simula
Applications

Electricity demand

Dataset: workdays of the second quarter of the year 2012.

Predict one day (24 hours)
Xi+1(t) = mt(x,-)—i—e,-,t (f: 1,...,24, i = 1,...,”);

Predict one hour for 21 days

X,’+17d(9) = md(xi,d) +€,‘7d (d = ].7 v ,21, I = 17. 50 n);

Bootstrap confidence intervals in functional regression
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Applications

Confidence intervals for electricity demand

26000 | ﬁ# 4 \ 24000

- | { i
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Predicted demand

17000 —
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Figure : Left: Bootstrap Cl for the 24 hours of Friday, June 29, 2012.
Right: Bootstrap Cl the workdays in June, 2012 (fixed hour: 09:00 a.m.).
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Confidence intervals for electricity price

65 —
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Figure : Left: Bootstrap Cl for the 24 hours of Friday, June 29, 2012.
Right: Bootstrap Cl the workdays in June, 2012 (fixed hour: 09:00 a.m.).
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Semi-Funtional Partial Linear Regression

Functional nonparametric explanatory variable, scalar linear-effect
covariate and scalar response

Autoregressive model

G(xis1) = X7 B+ m(x;) +eii=1,....n

General model
Yi = X7 B+ m(x;) + i, i =1,...,n, where {(X1,X;, Yi)} is

a-mixing
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Naive bootstrap

Homoscedastic model

@ Construct the residuals €, = Y; — X,-TBb —mp(x;), i=1,...,n
@ Draw n i.i.d. random variables €7, ..., e} from the empirical
distribution function of (&1 5 — €p,...,Enp — Ep), Where
Ep=n""2 0 G
@ Obtain Y/ = X;’—Bb+r71b(xi)+5;‘, i=1...,n
Q Define . L L
B = (X[ Xp) "Xy Y

and
n

mrp(x) = > wa(xi X)(Yi = X[ Bp),
=
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Wild bootstrap

Heteroscedastic model

@ Construct the residuals €, = Y; — X,-TBb —mp(x;), i=1,...,n.
@ Definec; =5V, i=1,...,n, where Vq,...,V, are i.id.
random variables that are independent of the data S and that
satisfy E(V4) = 0 and E(V2) = 1.
© Obtain Y/ :X;’—Bb+r71b(xi)+€f, i=1,...,n.
Q Define . L -
By = (X5 Xp) "Xy Y*p
and

n
Mrp(x) = > wa(xi, X)(Yi = X[ Bp),
i=1
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Confidence intervals in SFPLR

Assumptions for the linear part of the SFPLR model

Semi-metric space

X is valued in come given compact subset C of H such that
Tn
C c U B(z, ), where 7,/) = C, 7, — oo and I, — 0 as n — oo.
k=1

Kernel

K has support [0, 1], Lipschitz continuous on [0, co).
Jk/Yu € [0,1], —K'(u) > k > 0.

Smoothness

Denote gi(x) = E(Xjjlx; =x), 1 <i<n1<j<p.

All the operators to be estimated are smooth, ie, for some ¢ < 0o and
a>0,Y(uv)eCxCVfemg,... g: |f(u)—~f(v)l <cd(u,v)?.
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Confidence intervals in SFPLR

Assumptions for the linear part of the SFPLR model

Distributions

For the probability distribution of the infinite-dimensional process ¥, it
is assumed that exists F, positive valued function on (0, c0) and
positive constants ag, a1, ap such that, Vee C,h > 0 :

/1 F(hs)ds > agF(h) and a1 F(h) < P(x € B(t, h)) < axF(h).
0

The joint probability distribution of (x;,X;) is assumed that exists a
function ¥(h) = cF(h)'*™* (¢ > 0,0 < e < 1) and positive constants
a3, oy such that Ve e C, h > 0:

0 < asu(h) < sup PI(x; ) € B(t,h) x B(t, )] < cat(h).
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Assumptions for the linear part of the SFPLR model

Dependence structure

{(Xi,x;, Yi)}'_, come from some stationary strong mixing process,
with mixing coefficients {a(n)} that verify

a(n) <cn % a>4.5.

while
n; is independent of ¢;, (i = 1,...,n),

where n; = (91, . . -a77ip)Tv
nij = Xij — E(Xjlx;) = Xijj — gi(x).J = 1,..., p.
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Assumptions for the linear part of the SFPLR model

Denote V. = E(ee™),e” = (e1,...,en)sn" = (1, .., 1n)-

EVa|"+ E|Xu1|" + ...+ E|Xip|" < oo for some r > 4.
supi jE(|Yi Y;ll(xi, x;j)) < o0

2 ?S;E E (| Xiyji Xinj (X5, jXip ) < 00

B =E(mn{),C = lim n~'E(n" Ven).

B and C are positive definite matrix.
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Assumptions for the linear part of the SFPLR model

r(a+1)
5227 = o(n") for some 6 > 2,

where s, = sup, cc(sn,1(X) + sn2(X) + sn3(X)), with

sn1(x) = ZZ |Cov(Di(x), Aj(x)| with A;(x) = K(M)

h
i=1 j=1

sna(X ZZ|COV ()] with Ti(x) = Ysk (XX,

h
i=1 j=1
sn3(x) = max ZZICOV 00 T (0] with T () = Xk (LX),
' 1<k<p, 1 /=1 ’ ! , ' h

J.M. Vilar, P. Rafia, G. Aneiros and P. Vieu
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Assumptions for the linear part of the SFPLR model

Small ball probabilities

In order to manage the convergence rates found in the development of
the Theorem, it is necessary to consider the following assumptions:

ea(r—2

nh*e =5 0, F(h)~tn~ Y4 logn— 0, nF(h) =7 2-1=0(1)

batr)
F(h)2(n'~7GD) ®logn= O(1) as n — o0

where a > 0,0 <e<1,a>4.5,r >4 and 6 > 2.
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Confidence intervals in SFPLR

Validity of the bootstrap for the linear part

Theorem (Naive)

Under previous assumptions, if the model is homoscedastic and
a € RP, for the naive bootstrap we have:

sup [P (VnaT (B — By) < v) — P (ViaT (B, — B) < y)| —+p 0

y€eR

Theorem (Wild)

Under previous assumptions if, in addition |ej| < co,i=1,...,n,
F(h)~1n=1/41/" jogn(loglogn)t/* — 0, Elnn" | < oo, E|n|® < oo and
a € RP, for the wild bootstrap procedure we have that

sup |PS (Vna” (B~ By) < v) — P (VAa"(By— B) < )| +p 0

yeR
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Confidence intervals in SFPLR

Validity of the bootstrap for the nonparametric part

Theorem (Naive and Wild bootstrap)

Under previous assumptions, if || X||ooc < C < 00, we have:

sup [P (/nF ()(#rhu(x) — () < v ) =
yeR

P (VAF(R)(@r() = m(0) < v) | = 0
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Confidence intervals in SFPLR

Electricity demand

Dataset: workdays of the second quarter of the year 2012.

Predict one day (24 hours)

Xi1(t) = X[ B+ me(x;) +eie (t=1,...,24, i=1,...,n);

Temperature covariates: X; = (Xj1, Xi»)" = (HDD;, CDD;)"

Model | length: mean (sd)
FNP | 1045.92 (353.44)
SFPLR | 969.92 (250.00)

J.M. Vilar, P. Rafia, G. Aneiros and P. Vieu Bootstrap confidence intervals in functional regression



Bootstrap
Asymptotic theory

Confidence intervals in SFPLR FppiliEE i

Confidence intervals for electricity demand
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Figure : Bootstrap Cl for the 24 hours of Friday, June 29, 2012.
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Confidence intervals in SFPLR

Electricity price

Dataset: workdays of the second quarter of the year 2012.

Predict one day (24 hours)

Xl'+l(t):XlTIB+mt(Xi)+8i,t (t:]-v"'7247 izl)"')”);

Covariates: X; = (Xi1, Xi2)T = (Demand;, Wind;)T

Model length: mean (sd)
FNP 7.44 (1.63)
SFPLR (Demand) 6.50 (1.55)
SFPLR (Demand+Wind) | 8.40 (1.21)
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Confidence intervals for electricity price
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Figure : Bootstrap Cl for the 24 hours of Friday, June 29, 2012.
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Confidence intervals in SFPLR

Electricity price

Predict one hour for 21 days

Xi+1,d(20) = XITIB+ md(Xi,d) +€i,d (d = 17"‘7217 = 17“ '7n);

Covariates: X; = (Xi1, Xi2)T = (Demand;, Wind;)T

Model length: mean (sd)
FNP 6.21 (1.54)
SFPLR (Demand) 6.23 (1.57)
SFPLR (Demand+Wind) | 8.34 (2.64)
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Confidence intervals for electricity price
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Figure : Bootstrap Cl the workdays in June, 2012 (fixed hour: 20:00
a.m.).
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Proofs outline: linear part

pS (ﬁaT(aZ —B,) < y)—P (ﬁaT(Bb -B) < J/) = Ti(y)+Ta(y)

where a is a constant vector in RP,

Tily) = P* (VraT (B, — By) < y) _q)( i )

VaTha
Taly) = (2 ) - P (VAT By - 8) < ).

J.M. Vilar, P. Rafia, G. Aneiros and P. Vieu Bootstrap confidence intervals in functional regression



Proofs outline: linear part

Theorem 1, Aneiros and Vieu (2008)

Vn(By, — B) —P N(0, A)where A = B~'CB L.

Ta(y) — 0 for any fixed value of y.
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Proofs outline: linear part

Tily) = P (VAT (B, - Bu) <)~ o (2= )

ﬁ(ﬁz - Bb) ey N(0,A) ,conditionally on the sample S.

T1(y) — 0 for any fixed value of y.
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Proofs outline: linear part

Proof of the Lemma:
For a given function g(-) = m(-) or g(-) = mp(-), we denote

n

200 =80 — > we(xi, \)g(x:)-

i=1
Then, one can write
V(B — Bp) = (nTXFXp) 10 H2(S5 — Siy + Si).
Asymptotic normality is obtained by:

n
= Sm+ Sm =D miei +op(n'/?) (PP),
i=1
and .
n 12N per 25 N(0,C) , in P,
i=1
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Proofs outline: nonparametric part

sup [P (/nF () (hy(x) — (X)) < ) -
yeR

P (v/nF()(An(x) = m(x)) <y ) | =+ 0

(nF (h))!/2(ma(x) — m(x)) — N(0,0%(x)) J

(nF (h)M2(m,(x) — s (x)) — N(0,0(x)) ]
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Proofs outline: nonparametric part

(nF (h))M(mn(x) — m(x)) =

(”F(h))l/z(i wa(xi, X)(Yi = X[ By) — m(x))) =

(”F(h))m(i wh(xi X)(XT B+ m(x;) +ei — X[ By) — m(x))) =
(”F(h))m(lzn; wh(xi, x)(m(x;) + &) — m(x)) —

—(nF(h))"/? zj; wh(xi X)XT (By — B) =

S1(x) — S2(x)
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Proofs outline: nonparametric part

n

S0 = (nF()2(X wilxin )(m(x;) + &) — m(x)) =

= (nF(h)2(m" () — m"P(x))

Delsol (2009)

(nF(R)2(mh" (x) — m"P(x)) —P N(0,0°(x))

S1(x) —P N(0,5%(x))
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Proofs outline: nonparametric part

S(x) = 1/2ZWh (xi- X)X] (B — B)
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Proofs outline: nonparametric part

(nF(M)*(hs(x) — Mb(x)) =

(nF ()23 wi(xi X)(Y7 = XT Bp) — is(x)) =
=1

(nF ()20 wi(xi X)(XT By + mn(x;) +f — X7 Bp) — ()
i=1

(nF ()23 wn(xin X)(Mn(x) + €5) — p(x)) —
=1

1/2ZWh XHX IBb_Bb)

5100 = 52 (x )
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Proofs outline: nonparametric part

n

ST = (nF()Y2Q walxis X)(@(x;) + €7) — (X))
i=1

= S571(x)+S12(0)

51*71()() contains the nonparametric part of the expression.
S12(x) contains the linear part of the expression.
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Proofs outline: nonparametric part

Sii0) = (nF(M)2(@hh" () — mp" () —P N(0,0%(x))

Rafia, Aneiros, Vilar and Vieu

sup,cg |P® (\/nFy (B)(mipP (x) — miP(x)) < y) —
P (\/nF (B)(mP (x) — mMP(x)) < y) | = 0 ass.

Delsol (2009)

(nF(h)2(m}" (x) — m"" (x)) — N(0,%(x))
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Proofs outline: nonparametric part

n n

Sia(x) = (nF(M)Y2O " wa(xi ) welxj. xi) X[ (B — By) +
i1 =1
EXT (B Bo) = > wlxi x)XT (B~ Be) — = S (XT (B~ By) -
=1 k=1
Z wh(X/; Xk)X/T(ﬁ - Bb))] - Z wh(X;, X)XiT(IB - Bb))
= P

Aneiros and Vieu (2008)
V(B — B) —P N(0, A) Xl < € < o0

512(x) = op(1)(P®).
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Proofs outline: nonparametric part

n

S500) = (nF ()Y~ wa(xis X)XT (By — Bo) = op(1)(P?)

i=1

Rafia, Aneiros, Vilar and Vieu

sup [P (VaT (B — By) < v) — P (VaT (B, — B) < y)| +p 0

y€eR

Aneiros and View (2006)

Vn(By — B) —P N(0,A) 1Xi]| < C < oo
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